!I!atural and Step Response of Series & Parallel

RLC Circuits (Second-order Circuits)

Objectives:
v'Determine the response form of the circuit
v'Natural response parallel RLC circuits
v'Natural response series RLC circuits
v'Step response of parallel and series RLC circuits



Natural Response of Parallel RLC Circuits

The problem — given initial energy stored in the
inductor and/or capacitor, find v(t) for t > 0.
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It is convenient to calculate v(t) for this
circuit because w -

®
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X A. The voltage must be continuous for
all time

X B. The voltage is the same for all three
components

X C. Once we have the voltage, it is pretty
easy to calculate the branch current

+' D. All of the above



Natural Response of Parallel RLC Circuits

The problem — given initial
energy stored in the
inductor and/or capacitor,
find v(t) for t > 0.

o 4V |
dt

KCL: jv(x)dx+ I

Differentiatebothsidestoremovetheintegral:
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Natural Response of Parallel RLC Circuits

The problem — given initial iCl + ,-Ll
energy stored in the c=—=V, L llo
inductor and/or capacitor, _
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find v(t) for t > 0.

dzv(t)+ L v(t) +

Describing equation:
A dt®* LC RC dt

This equation is
v'Second order
v'Homogeneous
v'Ordinary differential equation
v'With constant coefficients

1 dv(t) 0
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Once again we want to pick a possible solution to
this differential equation. This must be a function
whose first AND second derivatives have the
same form as the original function, so a possible
candidate is

N A. Ksin ot



Natural Response of Parallel RLC Circuits

The problem — given initial P l i | ! :
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gnergy stored in the | c==V, I llo R§ "
inductor and/or capacitor, B
find v(t) for t > 0. o o
2
Describing equation: d v§t)+ L v(t) + L dv() =0
dt LC RC dt

The circuit has two initial conditions that must be satisfied,
so the solution for v(t) must have two constants. Use

v(t) = Ae™ + Ae™ V; Substitute:
(stAe™ +s2Ae™) + % (s, Ae™ +s,Ae™) + % (Ae™ + Ae?)=0

= [s?+(RC)s, +(/LC)IAE™ +[s: + (I/RC)s, + (/LC)| AL =0



Natural Response of Parallel RLC Circuits

The problem — given initial 3 i i l . | ! :
: Y g Y
gnergy stored in the | c==V, I llo R§ "
inductor and/or capacitor, B
find v(t) for t > 0. . i
t
Describing equation: : V(t) 1 av(t) =0
dt® RC dt
Solution: v(t) = Ae™ + Azes2t

Where s, ands, are solutions for the CHARACTERISTIC EQUATION :

s? + (1/RC)s + (L/LC) =0
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s*+(1/RC)s+(1/LC) =0

is called the “characteristic equation” because it
characterizes the circuit.

< A. True
X 5. False



Natural Response of Parallel RLC Circuits

The problem —given initial . | | . . |
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energy stored in the A
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inductor and/or capacitor,
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find v(t) for t > 0. o

The two solutions to the characteristic equation can be
calculated using the quadratic formula:

2 + (/RC)s + (LC) =G - —(WRC) JRC)' ~4(U/LC)

2
5., = —(1/2RC) +,/(1/2RC)? - (1/LC) = —a +/a* - &}

1
where o = —— (the neper frequency in rad/s
SRC ( p q y /s)

and @, = 1 (the resonant radian frequency in rad/s)
> VLC



So far, we know that the parallel RLC natural
response is given by

v(t) = Ae™ + Ae™
1 1
S, =—at.a’—af where a=—— and @, =.—
" J ’ 2RC °"\LC

There are three different forms for s, and s,. For a parallel
RLC circuit with specific values of R, L and C, the form for s,
and s, depends on

X A. Thevalue of a
X 5. The value of o,
' C. Thevalue of (o? - ®,2)
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atural Response — Overdamped Example

Given V, =12V and 1 l.l' 1 e
_ . Cy L Ry
l, =30 mA, find v(t) 0.2 uF =< Vo 50 mH%lIO 2009§ v
fort=>0. = B
@ @ @
1 1

=12500rad/s

“T2RC T 2(200)(0.211)

W, = Wfi = . =10,000rad/s
LC (0.05)(0.2,)

o’ > @ sothisistheoverdampedcase!

S, = —a +Ja’ — @ =—12500+ /(12,500)% — (10,000)
=-12,000+ 7500 = s, = —5000rad/s,s, = —20,000rad/s




Natural Response — Overdamped Example

Given V, =12V and a1 5 g l' 1]
l, =30 mA, find v(t) 02 uF == V4 50 mH%lIO 200(;§
fort=>0. -

+ @

v(t) = Ae ™ + Ae 'V, fort >0
Now we mustusethe coefficientsintheequationto satisfy
theinitialconditionsinthecircuit :

v(t)|_, intheequation=v(t)|  inthecircuit

w intheequation=M
t t=0 t t=0

inthecircuit
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atural Response — Overdamped Example

Given V, =12 V and 1 il‘ 1] %
lp =30 mA, find v(t) 02 uF == Vo 50 mH%lIO 200(;§ v
fort 2 0. s =

@ @ @

Copyright © 2008 Pearson Prentice Hall, Inc.

Equation: V(O) _ Ale—SOOO(O) + Aze—ZO,OOO(O) — A&_i_ A2
Circuit: v(0) =V, =12V
— A+A =12

d\é(tO) — (=5000) Aie_sooom) +(~20,000) Aze—20,000(0)

Equation:

= —5000A, — 20,000A,
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Now we need the initial value of the first
derivative of the voltage from the circuit. The
describing equation of which circuit component

involves dv(t)/dt?

X A. The resistor
X B. Theinductor
v C. The capacitor
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atural Response — Overdamped Example

Given V, =12 V and 1 l.[l' 1] g
l, =30 mA, find v(t) 02 uF == V4 50 mH%lIO 2009'§ Y
fort=>0. - -
@ L @

Vv
rquation: 9O _ (_5000) Ae 2O 4 (—20,000) Ae 20

= —5000A, — 20,0004,

dv(t) dv(©) 1. . 1, . =
= —C'c(O)— (—1.(0)-1:(0))

dv(O)zl( i (0 V(O)j - ( 003—£j:_45o,000v/s
dt C R ) 0.2u 200

— —5000A, — 20,000A, = —450,000

Circuit: I.(t)=C——=
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atural Response — Overdamped Example

Given V, =12V and 2l [ I.Ll' 1] %
l, =30 mA, find v(t) 02 uF == V4 50 mH%lIO 200(;§ v
fort2>0. — _

v(t) = Ae™ + Ae ™V, fort >0

A+A =12 —5000A, —20,000A, =-450,000
Solvingsimultaneously, A =-14, A =26
Thus,
v(t) = -14e>" + 26V, fort >0
Checks: v(0)=-14+26=12V (OK)

V(o) =0 (OK)



Natural Response — Overdamped Example

Given V, =12 V and 21l 5 l' 17 g
lp =30 mA, find v(t) 02 uF == Vo 50 mH%lIO 200(;§ v
fort 2 0. s =

L @ @

You can solve this problem using the Second-Order Circuits

table:
1.

2.
3.
4

o

Make sure you are on the Natural Response side.

Find the parallel RLC column.

Use the equations in Row 4 to calculate o and ®,,.
Compare the values of o and ®, to determine the
response form (given in one of the last 3 rows).

Use the equations to solve for the unknown coefficients.
Write the equation for v(t), t > 0.

Solve for any other quantities requested in the problem.
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